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Abstract 

An alternative method of parametcrlzing the two electron coulomb 
integral6 in MNDO and AYl ir dexribed. Although the method is 
uted to clolcly approrirmte the Dcwar and Thiel integab, the foOrma- 
irm and the resulting formula6 are much simple: and computationally 
more efficient. The method rtrictly obeys rotational invariance. give6 
integral6 and their derivatives directly in 6pacc &cd carte6ian coor- 
dinato, can be ured with arbitrary barir 6ets and giver the correct 
behavior both at the large and rmall (united atom) Lmitr of the inter. 
atomic distance. The integds are numericaiiy cotalpared with those 
of Derar and Thiel. 

I. Introduction 

The great succerr of the .MXDO[l] and AY1[2] methods ir largely due 

to the way the original KDDOi3] theory wa6 parameter&d by Dewar and 

co-workers. A key feature of tbi6 pu~meterizrtion is the trealment of the 

two-electron twocenter coulomb integralr. Dewu and Thiel (DT) found that 

6impiy calcul&ting these integrals using Slatu type orbital6 of the appropriate 

orbital exponent and atomic quantum number6 gave unsatirfaclory resu)t6,4:. 

Instead, they replaced these integrals with empirical formulas derigned to 

have the 6c~mc overall shape and long range behavior a6 the Slater integral, yet 

be atteuuated in the mtermediate range and go to the correct (a6 dctermmed 

from atomic spectroscopic parameters) united atom limit. The parameterired 

integral6 should di6ply the 6ame symmetry properties M the original Slrter 

integral6. 

The DT formulss arc derived from the multipole upmrion, valid at Isrge 

internuclear acparationr, of the coulomb repulrion integral over the Slater 

charge di6tributrOn6. The various multipoles are then represented a6 discrete 

arrangements of point charges adjurted 60 a6 to agree wrth the respective 

multipole moments of the charge dislributlonr. The repulrion integral is lhcn 

calculated by rumming the contributions r&ring from the ditcrete charges, 

the interaction calculated with the Ohno-Klopman(OK):J: formula 

instead of the coulomb potential r-’ The constant6 a are adjusted to gave 

the dcrired united atom limit6 of the integrals. The integraiir rue firrt cal. 

culatcd rn a local dintomic coordinate system in such a way M to ensure 

rotational invarirmcej6.7:. They ue then rotated into the moleculu frame 
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using trigonometric transformations. The DT procedure is obviously viable 

ad in principle CM be extended to arbitrary buis sets and derivative intc 

grdlr. In practice, however, it is very awkward to do either. 

These problems vme recently addressed by Hoggan and Rinrfdi[8] (HR) 

who used a method of pu&meterizing the integrals that avoids the trouble- 

some dircrete charge representations. Their procedure also begins with the 

multipole expansion of the Slata coulomb integral. The coulomb potential is 

then everywhere replaced by the OK potential. The resulting formula ir then 

multiplied by a polynomial designed to give the correct united atom limit for 

each multipole contribution to the integral. Finally, in order to enforce the 

special symmetry at the united atom limit integrals involving charge distri. 

butionr with diffcrrnt I, and hf quantum numbers are multiplied by a switch 

of the form (1 c ‘“‘) which forces these integrals to go to zero (as r goes to 

zero) in a way that agrees with the analytically calculated integral. 

Although the procedures of DT and HR are different, their approaches 

arc rssentially the same. Both paramctcrire the integrals by replacing the 

coulomb potential with the OK potential in the rnultipolc rxprnsion. In this 

paper we report results obtnincd by a paramtterization scheme closely related 

to DT and HR. Like the HR method, the scheme can he easily extended 

to arbitrary b-is sets and formulas for derivative integrals can be readily 

obtained. Our integrals are not more “accurate” than DT or HR slncc an 

obvious immediate goal is to use the formulas in existing bISD0 and A!4 1 

programs without dirturbiug the numerical results. The main ndrantages of 

our method are its simplici:y, computational efficiency. and the fart that it 

rcndiiy allows for a more general type of paramttcrization, should this be 

desired. In the following section the undrrlying theory is reviewed and the 

symmetry requircmrnts are discussed urmg an example. This is bllo~tcf by II 

section in which the ,ntcgralr are numerically compared to the DT integrals. 

A few concluding remarks are given in the Rndt section. 

II.Throry 

‘I’hr key fcaturc of our approach is the recognition thrt all two center 

coulomb integral, cnn be obtained by npplying operators to )I single gen- 

crating function which depends only on the interatomic distance (and ad. 

justahlc paramrtcrs):9’ Thr rotational symmetry prvprrties are reflected in 

the Cnrtesian dcnvative operators. If the operators are chosen to represent 

Slatrr charge distributions obtained from the 13 * distribution and the gen, 

crating function is chosen to be the l alytictdly crlculatcd (Ir’.l.r’) integral 

then formulir for all the analytic&y calculated integwlr result from appli- 

cation of the operators to the generating function. If instead the generating 

function it chosen to be l/r, the large distance or multipole limit value of 

(l$*lis’), then the correct limiting formulas for the integrrds result. Here 

WC use the OK potential as the generating function. The resulting integrals 

exhibit the rotational symmetry properties and long range behavior of the 

Slater integrals, yet c(u1 be made to match united atom values in much the 

a&me way as the DT integrals. 
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We had previously advised against using the OK integral as l general- 

ing function.j9: The rea~n for this WM that our operator for the 2s’ charge 

distribution gave results equivalent to that of the sum of the operators for 

the 24 , 2~: and 2~: ch&rge distributions when applied to the analytical 

(ls’lls’) integral (or its large r limit) but not when applied to the OK inte- 

~a!. This ViOlbWS a symmetry condition and can IGad to ambiguities. ‘I’he 

problem is unimportant for charge distributions made up of s and p orbit& 

M long as one avoids using the symmetry relation, l%q (3) of reference [9j, 

in computing the integrals. For higher angular quantum number orbit& 

(d, f, etc), one must recognize that a set of six cartesian d orbitair, cg, will 

give different results than the equivalent set of 5 spherical harmonic type d 

functions and their companion s orbital. Thus, there is a caveat in cxtcnd- 

ing the paramcterization scheme to d, f etc. functions. One must choose 

the best representation of the orbitals and use it consistently everywhere. 

The problem does not lie in the properties of the operators. The DT and 

HR integrals also violate the symmetry condition. Rather the problem lies 

with the OK function itself. We will consider here only integrals involving s 

and p orbitals. Formulas for all of the integrals (and their first and second 

derivaltva) involving ls, 2s and 2p orbit& are obtained by using the OK 

polcnlird in pfue of the audylicai (Id’ 1s’) integra in Eqt (i) . (21) of 19:. 

Scmkmpiricrd or analytical integrals over arbitrary orbit& can be obtained 

by straightforward extensions of this theory.(lO] 

We illustrate the features of our approach by considering the example of 

two interacting 2p’ charge distributions. The 36 distinct integrals in space 

fixed artesian coordinates depend only on the three functions of interatomic 

distance, fo , fz and f, as seen in Eqs (35).(37) of reference 191. These 

primitive integrals are obtained from the generating function using Eqs (19). 

(21) of is]. When the normalized generating function 70 is chosen to be 

independent of orbital exponents, the primitive integrals have the particularly 

simple forms, 

jo = 70 (21 

(4) 

where I, and cs UC the orbital exponents for atoms a and b. in the present 

case, yo is chosen to be the OK potential, Eq (1). When Eqr (Z), (3) and (4) 

ue substituted into Eqs (35).(37) of 191 or in Eqr (S)-(9) below, the resulting 

formulas arc simple polynomkls in 7o . The computational efficiency is due 

to the fact that 70 need be cdculrted only once for each a. 

The rotlrtiond symmetry is illustrated by considering the integrals, 
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(2pf?p’) = fo + Y &f* f gjf; + j&f4 

(2P:l%3t~ = k + $f* -r gjr; + -g&f‘ 63) 

(2PJPiJ2PSP~) = Bt’By’ @ f 4 (9) 

which are the translationally invariant forms of Egr (35).(3?) of ;9]. Here x, 

y and s are components of the interatomic vector along the space fixed x. y 

and L axes. The function f; is identical to j, except that atomic parameters 

for atoms a and b, such as & and (a , art interchanged. Wring the properties 

of the differential operators, eqs (5).(8) can be combined into the invariant 

form, 

(2p~‘2p~) + (2p:i2$) - &$12p~) - (2~: 2~3 = WP~P, 2p.Qd fw 

where (2p,2p, 2p,2p,)’ is given by Eq (9) after a 45 degree rotation about the 

space fixed z axis. lf the :wo atoms lie on the z axis then we have (2p:]2pf) = 

@P; 2p3 VP: 2P3 = VP~P~) and GPJP, ~PJPJ = @P.~P, 2~3~~). 

Using these in Eq (10) leads to, 

(2Pi 2pf) = (2P2/2P3 - WP,~P$P&,~ 111) 

which is the relationship used to enforce rotational invariance in the MKDO 

integrals. Q (11) must also be satisfied at the united atom limit.(ll] When 

the OK potential is used as 7s. each integral, Eqs (5).(g), displays the correct 

timrting behavior and corresponds, term by term, to the separate multipole, 

multipole interactions in the DT method. Indeed, the DT integrals can 

be regarded as finite diRetence approximations to ours;lZ]. We note 

that although f. , f, and f, can be obtained from a common “a” parameter. 

the rotational symmetry is retained if the a’s are chosen independent of one 

another. For the homonudear case, DT use two atomic parameters (aside 

from the orbital exponent) to evaluate all of the (p’ p’) integrals. These 

two parameters, p;; and p;, are uijustcd such that the calculated one anta 

integrals match the “spectroscopic” values (see, however, the discussion in 

i?:). An entirely analogous procedure can be applied in the present parame- 

teritation by identifying the a’s in fo , fz and fi with the DT CL,,, , 00~ and 

a2l respectively. These are computed as a,) = p: c p:, (i, 1 = 0,2), where p. 

and pr are the two atomic parameters. Ftesults of doing this are reported in 

the next section. As a practical matter. however, it may be desirable to use 

the full flexibility in fitting integrals to the DT valuea for use in the current 

MSDO and AMI methods. 
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III. Results 

The figure shows the six integrals for two carbon atoms examined by DT, 

calculated by their method (triangles) and by the present method (squares). 

Distances are in angstroms. For our result+,, the paruneters p; , p; and p;~ 

were obtained exactly from the united atom formulas as, 

1 
P-i = 29.. (12) 

1. 25 
s = ;.w!f (13) 

1. 24 ~4 
-- 

p: = 2.12(&J (14) 

using the DT values for G ,grr , h,, and hRL . The results are in apparently 

reasonable agreement with DT and we are hopeful these integrals will be 

useful in UNDO and AMl. If not, then the greater flexibility of our method 

can be used to obtain a better fit to the DT values, at hat in the region 

(7 > lk) beyond the cutoff below which the coded integrals are not evaluated. 

IV.Summary and Conclusion 

We have presented a much simpler and more efficient method of comput- 

ing parametuizcd two electron integrals for MN130 and Ahll. The method 

is readily extended to arbitrary basis sets and easily applied to derivative 

jnte@s. The method appears very attractive for future semiempirical the- 

ories. 
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112: In local coordinates, the DT integrals arc finite difference approuma. 

tions to the cartesian derivatives in Eqs (5). (9). The formal rclation6hip 

is established by a limiting procedure. For example, the DT integrals 

IQ. O,,l, !Q..,Q..: and :O.,,+Qrv] are related to our 9, $? and &$ 

by, 

2 = (Lq)‘( 0,“)’ lim 
IQ..>Q..I 

D:-oD:-o(D:)'(D,B)' 

where 11: and Df arc the point charge displacement parameters of DT. 

Similar relationships exist for all the integrals. 


